We report the direct characterization of energy-time entanglement of narrowband biphotons produced from spontaneous four-wave mixing in cold atoms. The Stokes and anti-Stokes two-photon temporal correlation is measured by single-photon counters with nano second temporal resolution, and their joint spectrum is determined by using a narrow linewidth optical cavity. The energy-time entanglement is verified by the joint frequency-time uncertainty product of 0.063 ± 0.0044, which does not only violate the separability criterion but also satisfies the continuous variable Einstein-Podolsky-Rosen steering inequality.
In the original Einstein-Podolsky-Rosen (EPR) paradox, position and momentum are taken as complementary or canonically conjugate variables to question the physical reality of quantum mechanics [1] . Now it has been clear that quantum entanglement plays an important role in the EPR nonlocality and is incompatible with the local hidden-variable theories [2] [3] [4] [5] . For more than 80 years, the EPR thought experiment has motivated many important discoveries of quantum entanglement, such as Bell's theorem [6, 7] , quantum teleportation [8, 9] , and quantum key distribution [10] , as well as their quantum information applications [11] .
Time and energy are also known complementary continuous variables, whose relation is analog to that of position and momentum. The EPR energy-time entangled photon pairs (termed biphotons) are of great interest for long-distance quantum communication because of their insensitivity to the birefringence effect of fibers [12] . For a single photon state, the uncertainties of its optical angular frequency ω and arriving time t are bounded by the Heisenberg's uncertainty relation ∆ω∆t ≥ 1/2, where ∆ represents standard deviation. As a result, if two photons are in a separable state, their joint frequency-time uncertainty product follows [13, 14] ∆(ω 1 + ω 2 )∆(t 2 − t 1 ) ≥ 1.
(1) Therefore, violation of the above separability criterion implies entanglement. A sufficient and more restrict condition for rising EPR paradox to rule out the local realism is the steering inequality [15] [16] [17] 
In fact, for a two-photon energy-time entangled state, there is no lower limit for the joint frequency-time uncertainty product. For wideband biphotons generated from spontaneous parametric down conversion (SPDC) [18] , while their joint spectrum is easily resolved, it is a challenge to directly and precisely measure their ultra-short temporal correlation using commercially available singlephoton counters with ns resolution. Recently, direct characterization of ultrafast energy-time entangled photon pairs was demonstrated with single-photon spectrometers and sum-frequency generation correlator, giving the joint frequency-time uncertainty product of 0.290 ± 0.007 [19] . To our best knowledge, this is the smallest value on record for energy-time entanglement, which violates the separability criterion and satisfies the EPR steering inequality.
On the other side, narrowband biphotons with long coherence time have important applications in quantum information processing, such as realizing efficient photonatom quantum interfaces [20] . However, their EPR joint frequency-time uncertainty product has not been directly characterized because of the difficulty in resolving their ultra narrow nonclassical frequency correlation. In this Letter, we report the direct characterization of energytime entanglement of narrowband biphotons produced from spontaneous four-wave mixing (SFWM). Owning to the long coherence time of these biphotons, the temporal correlation and uncertainty are resolved with commercial single-photon counting modules (SPCM). We make use of a narrow linewidth (72 kHz) optical cavity frequency filter to precisely map the joint spectrum and measure their energy (frequency) uncertainties. Our result of joint frequency-time uncertainty product of 0.063 ± 0.0044 is significantly smaller than the previously reported values [19] and pushes its lower bound a step closer to zero.
We produce energy-time entangled narrowband biphotons from SFWM [21] [22] [23] in a cloud of 85 Rb atoms prepared in a dark-line two-dimensional (2D) magneto- 
optical trap (MOT) [24] , as depicted in Fig. 1 With the continuous-wave (cw) pump and coupling laser fields, the spontaneously generated phasematched Stokes and anti-Stokes photon pairs are frequency/energy-time entangled because of the energy conservation ω as + ω s = ω c + ω p originating from time translation symmetry. Therefore in an ideal SFWM case, ∆(ω as + ω s ) = 0 and the joint uncertainty product β = ∆(ω as + ω s )∆(t as − t s ) approaches zero. In real-ity, ∆(ω as + ω s ) is bounded to the finite linewidths of the pump and coupling lasers, which lead to non-zero joint uncertainty product.
We first determine the joint temporal uncertainty by measuring the two-photon temporal correlation using two SPCMs (Excelitas, SPCM-AQRH-16-FC) directly after the SMFs. In the Heisenberg picture with cw pump and coupling laser fields, ignoring linear loss and gain in the anti-Stokes and Stokes channels, the field operators at the two output surfaces can be expressed as [25] a as (δω as ) = A(δω as )â as,0 + B(δω as )â † s,0 , a † s (δω s ) = C(δω s )â as,0 + D(δω s )â † s,0 ,
whereâ as,0 andâ † s,0 are the input vacuum fields. δω as = ω as −ω as and δω s = ω s −ω s are the anti-Stokes and Stokes frequency variables, withω as andω s as their central frequencies that satisfyω as +ω s = ω c + ω p . Without contribution from Langevin noises, the parameters A, B, C, and D satisfy |A| 2 − |B| 2 = |D| 2 − |C| 2 = 1. The twophoton coincidence rate can be modeled as the Glauber correlation function in time domain
where
is the relative biphoton temporal wavefunction. R as = anti-Stokes and Stokes single-photon rates. The first term in Eq. (4) is the biphoton correlation, while the second term represents their accidental coincidence between different photon pair events generated spotaneously. The joint relative-time (τ = t as − t s ) uncertainty is determined by
whereτ = τ |ψ(τ )| 2 dτ / |ψ(τ )| 2 dτ . Figure 2 (a) shows the measured Stokes and anti-Stokes photon coincidence counts, ηT (2) s,as (τ )∆T t bin , where η = 0.034 is the two-photon joint detection efficiency accounting the duty cycle, fiber coupling and filter transmission efficiencies, ∆T = 60 s is the acquisition time, and t bin = 1 ns is the time bin width. The measured coincidence counts imply that we produce biphotons from cold atoms 3,088 pairs per second. The black theoretical curve [? ], plotted from Eqs. (4) and (5) agrees well with the experimental data. Following Eq. (6), we obtain ∆(t as − t s ) = 62.77 ± 1.68 ns. The nonclassical property of the biphoton temporal correlation is also verified by examining whether the Cauchy-Schwartz inequality [26] is violated. For the data presented in Fig. 2(a) , the normalized cross correlation function g (2) s,as (τ ) = T (2) s,as (τ )/(R s R as ) has a peak value of 15.8. With the measured autocorrelations g (2) s,s (0) = g (2) as,as (0) = 2, the Cauchy-Schwartz inequality [g (2) s,as (τ )] 2 /[g (2) s,s (0)g (2) as,as (0)] ≤ 1 is violated by a factor of 62.4. To further characterize the quantum nature of the photon pairs, we measure the conditional autocorrelation function g as a func-tion of the integration time window δt is displayed in Fig. 2(b) , where g (2) c over δt up to 300 ns is well below the two-photon threshold value of 0.5.
We now turn to the two-photon joint spectrum. Considering that the pump and coupling lasers have independent Gaussian line shapes with standard spectral deviations σ p and σ c , respectively, the two-photon spectral correlation is
where σ 2 pc = σ 2 p + σ 2 c stands for two-photon energy fluctuation. The first term in Eq. (7) results from the frequency anti-correlation, and the second term is the accidental correlation. We take a high-finesse (F =20000) optical cavity as an optical frequency filter to measure the joint spectral intensity. The optical cavity filter has a bandwidth of 72 kHz and resonance power transmission of 30%. As shown in Fig. 1(a) , before entering the optical cavity, Stokes and anti-Stokes photons are frequency shifted by two independently controlled acousto-optical modulators (AOMs) and then combined at a diachronic mirror (DM 1 ). With a spatial mode matching lens, the Stokes and anti-Stokes photons are coupled to the optical cavity with fixed cavity resonance frequency. The transmitted photons are separated by another diachronic mirror (DM 2 ) and then detected by the two SPCMs. Two wide-band (250 MHz) etalon filters are inserted to suppress the photon cross talk and filter out the scattering from the pump and coupling laser beams.
Shifting the frequencies of Stokes and anti-Stokes photons with the two AOMs, we obtain the joint spectral coincidence distribution, S (2) s,as (δω s , δω as ), as displayed in Figure 3 (a). The single photon power spectrum |B(δω as )| 2 and |C(δω s )| 2 can be obtained by projecting the joint spectral distribution along either δω s or δω as axis, as presented in histogram bars in Fig. 3(b) . The Stokes (anti-Stokes) photon power spectrum can also be obtained from inverse Fourier transform of its autocorrelation functions g (2) s,s (τ ) (g (2) as,as (τ )), as shown as the solid dots in Fig. 3(b) , agreeing well with the direct measurement with cavity. Both Stokes and anti-Stokes photons have similar spectral uncertainties ∆ω as ≃ ∆ω s ≃ 2π×1.826 MHz. The 2D spectral intensity shows that the Stokes and anti-Stokes photon frequencies are anticorrelated and indicates the energy entanglement. Projecting the 2D spectral intensity along -45 o direction, we get the two-photon sum frequency δ(ω as + ω s ) distribution and the result is shown in Fig. 3(c) . As predicted in Eq. (7) , there are two distinct features in the two-photon sum spectrum: a wide background floor from accidental coincidence counts between uncorrelated frequencies [the second term in Eq. (7)], The normalized two-photon joint spectrum with the accidental coincidence counts subtracted. The inset is the zoom-in for the frequency sum range of ±1 MHz. and a central narrow peak from the frequency entanglement [the first term in Eq. (7)]. The solid theoretical curve agrees well with the experimental data. With the accidental coincidence counts subtracted as illustrated in Fig. 3(d) , we fit the profile with Gaussian shape and obtain the two-photon frequency sum uncertainty ∆(ω as + ω s ) = 2π × (161.78 ± 6.87) kHz. Therefore we estimate the Schmidt number of our biphoton source to be K = 1/ 1 − 1/ 1 + ∆(ω as + ω s )/∆ω s/as 2 2 = 8.03, which confirms the entanglement in frequency domain while a speparable qunatum state takes K = 1 [28] . Combining the result from the previous temporal measurement, we get the joint frequency-time uncertainty product ∆(ω s + ω as )∆(t as − t s ) = 0.063 ± 0.0044,
which obviously violates the separability criterion in Eq.(1) by 212 standard deviations and thus confirms the energy-time entanglement. Moreover, the joint frequency-time uncertainty product also satisfies the steering inequality in Eq.(2) , which is sufficient for raising EPR paradox [15] [16] [17] .
In summary, we directly characterize the energy-time entanglement of the narrowband biphotons generated from SFWM in cold atoms. The two-photon temporal correlation is measured by coincidence counts with SPCMs, and their joint spectrum is determined by a narrowband transmission optical cavity. As the Stokes and anti-Stokes photons are frequency anti-correlated, their two-photon sum frequency uncertainty δ(ω as + ω s )/(2π) = 161.78 kHz is much narrower than the spectral uncertainties 1.826 MHz of individual photons. We obtain the joint frequency-time uncertainty product of 0.063 ± 0.0044, which confirms the EPR entanglement and paradox. As compared to wideband photon sources, these narrowband energy-time entangled biphotons are more suitable for long-distance quantum steering [16] , and thus will have important applications in quantum communication and quantum network based on quantum nonlocality.
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